A graph Γ is said to be symmetric if its automorphism group Aut(Γ) acts transitively on the arc set of Γ. In this paper, we show that if Γ is a finite connected heptavalent symmetric graph with solvable stabilizer admitting a vertex-transitive non-abelian simple group G of automorphisms, then either G is normal in Aut(Γ), or Aut(Γ) contains a non-abelian simple normal subgroup T such that G ≤ T and (G, T ) is explicitly given as one of 11 possible exception pairs of non-abelian simple groups. Furthermore, if G is regular on the vertex set of Γ then the exception pair (G, T ) is one of 7 possible pairs, and if G is arc-transitive then the exception pair (G, T ) = (A 17 , A 18 ) or (A 35 , A 36 ).
Introduction
Throughout this paper, all groups and graphs are finite, and all graphs are simple and undirected. Let G be a permutation group on a set Ω and let α ∈ Ω. Denote by G α the stabilizer of α in G, that is, the subgroup of G fixing the point α. The group G is semiregular if G α = 1 for every α ∈ Ω, and regular if G is transitive and semiregular. Denote by Z n , D n , F n and A n , the cyclic group of order n, the dihedral group of order 2n, the Frobenius group of order n and the alternating group of degree n, respectively.
For a graph Γ, we denote its vertex set and automorphism group by V (Γ) and Aut(Γ), respectively. The graph Γ is said to be G-vertex-transitive for G ≤ Aut(Γ) if G acts transitively on V (Γ), G-regular if G acts regularly on V (Γ), and G-arc-transitive if G acts transitively on the arc set of Γ (an arc is an ordered pair of adjacent vertices). In particular, Γ is vertex-transitive or symmetric if it is Aut(Γ)-vertex-transitive or Aut(Γ)-arc-transitive, respectively.
Let G be a non-abelian simple group. The two extreme cases of G-vertex-transitive graph are: G-arc-transitive graph and G-regular graph. Let Γ be a connected cubic Garc-transitive graph. Li [11] proved that either G Aut(Γ) or (G, Aut(Γ)) = (A 7 , A 8 ), (A 7 , S 8 ), (A 7 , 2.A 8 ), (A 15 , A 16 ) or (GL (4, 2) , AGL(4, 2)). Fang et al [6] proved that none of the above five pairs can happen, that is, G is always normal in Aut(Γ). Du et al [4] showed that a connected pentavalent G-arc-transitive graph Γ is either G Aut(Γ) or Aut(Γ) contains a non-abelian simple normal subgroup T such that G ≤ T and (G, T ) is one of 17 possible pairs of non-abelian simple groups.
A G-regular graph is also called a Cayley graph over G, and the Cayley graph is called normal if G Aut(Γ). One of the most remarkable achievements about Cayley graphs over G is the complete classification of connected cubic symmetric non-normal Cayley graphs over G. In 1996, Li [11] proved that a connected cubic symmetric Cayley graph Γ over G is either normal or G = A 5 , A 7 , PSL(2, 11), M 11 , A 11 , A 15 , M 23 , A 23 or A 47 . In 2005, Xu et al [18] proved that either Γ is normal or G = A 47 , and two years later, Xu et al [19] further showed that if G = A 47 and Γ is not normal, then Γ must be 5-arc-transitive and up to isomorphism there are exactly two such graphs. The result is also proved by Conder [2] and Li et al [12] . In 2005, Du et al [5] gave a classification of the connected symmetric cubic Cayley graphs on PSL(2, p) with p ≥ 5 a prime. Du et al [4] showed that a connected pentavalent symmetric Cayley graph Γ over G is either normal, or Aut(Γ) contains a non-abelian simple normal subgroup T such that G ≤ T and (G, T ) is one of 13 possible pairs of non-abelian simple groups.
In this paper, we investigate connected heptavalent symmetric graphs with solvable stabilizers admitting vertex-transitive non-abelian simple groups. Theorem 1.1 Let G be a non-abelian simple group and let Γ be a connected heptavalent symmetric G-vertex-transitive graph with solvable stabilizer. Then either G Aut(Γ), or Aut(Γ) contains a non-abelian simple normal subgroup T such that G ≤ T and (G, T ) = (A 6 , A 7 ) or (A n−1 , A n ) with n ≥ 14 and n 2 2 · 3 2 · 7.
Corollary 1.2 Let G be a non-abelian simple group and let Γ be a connected heptavalent G-arc-transitive graph with solvable stabilizer. Then either G Aut(Γ), or Aut(Γ) contains a non-abelian simple normal subgroup T such that G ≤ T and (G, T ) = (A 17 , A 18 ) or (A 35 , A 36 ).
Corollary 1.3
Let G be a non-abelian simple group and let Γ be a connected heptavalent symmetric G-regular graph with solvable stabilizer. Then either G Aut(Γ), or Aut(Γ) contains a non-abelian simple normal subgroup T such that G ≤ T and (G,
Preliminaries
In this section, we describe some preliminary results which will be used later. First we describe solvable vertex stabilizers of connected heptavalent symmetric graphs.
, where F n is the Frobenius group of order n. In particular,
The following result follows from the classification of three-factor simple groups.
Proposition 2.2 [9, Theorem I ] Let G be a non-abelian simple {2, 3, 7}-group. Then G = PSL(2, 7), PSL (2, 8) or PSU(3, 3).
Let G and E be two groups. We call an extension E of G by N a central extension of G if E has a central subgroup N such that E/N ∼ = G, and if further E is perfect, that is, the derived group E ′ equals to E, we call E a covering group of G. If the center has order n, the coving group is often referred to as a n-cover. Schur [17] proved that for every non-abelian simple group G there is a unique maximal covering group M such that every covering group of G is a factor group of M (see [8, Kapitel V, §23] ). This group M is called the full covering group of G, and the center of M is the Schur multiplier of G, denoted by Mult(G).
By Kleidman and Liebeck [10] , Mult(A n ) = Z 2 for n ≥ 5 with n = 6, 7, and Mult(A n ) = Z 6 for n = 6 or 7. This implies that A n has a unique 2-cover for n ≥ 5, denoted by 2.A n , and A 7 has a unique 3-cover and 6-cover, denoted by 3.A 7 and 6.A 7 , respectively. It is well-known that for n ≥ 7, A n has no proper subgroup of index less than n and has exactly one conjugate class of subgroups of index n. This implies the following proposition. Proposition 2.3 For n ≥ 7, the alternating group A n has a unique 2-cover 2.A n , and all subgroups of index n of 2.A n are conjugate and isomorphic to 2.A n−1 . Moreover, A 7 has a unique 3-cover 3.A 7 and a unique 6-cover 6.A 7 , and all subgroups of index 7 of 3.A 7 and 6.A 7 are conjugate and isomorphic to 3.A 6 and 6.A 6 , respectively.
Let Γ be a graph and N ≤ Aut(Γ). The quotient graph Γ N of Γ relative to N is defined as the graph with vertices the orbits of N on V (Γ) and with two orbits adjacent if there is an edge in Γ between these two orbits.
Proposition 2.4 [13, Theorem 9] Let Γ be a connected G-arc-transitive graph of prime valency, and let N G have at least three orbits on V (Γ). Then N is the kernel of G on V (Γ N ), and semiregular on Conversely, let Γ be a G-vertex-transitive graph with G ≤ Aut(Γ). By [16] , the graph Γ is isomorphic to a coset graph Cos(G, H, D), where H = G v is the vertex stabilizer of v ∈ V (Γ) in G and D consists of all elements of G mapping v to one of its neighbors. It is easy to show that H G = 1 and D is a union of some double cosets of H in G satisfying
Assume that Γ is G-arc-transitive and g ∈ G interchanges v and one of its neighbors. Then g 2 ∈ H and D = HgH. Furthermore, g can be chosen as a 2-element in G, and the valency of Γ is |D|/|H| = |H : H ∩ H g |. For more details regarding coset graph, referee to [?, 13, 15, 16] . Proposition 2.5 Let Γ be a connected G-arc-transitive graph of valency k, and let {u, v} be an edge of Γ. Then Γ is isomorphic to a coset graph Cos(G,
In Proposition 2.5, the 2-element g such that
is called feasible to G and G v . Feasible g can be computed by MAGMA [1] when the order |G| and the valency k are not too large, and this is used in Section 3.
3 Proof of Theorem 1.1
In this section, we always assume that G is a non-abelian simple group and Γ is a connected heptavalent symmetric G-vertex-transitive graph. Let A = Aut(Γ) and v ∈ V (Γ). We further assume that A v is solvable.
The radical of a finite group is the largest solvable normal subgroup of the group.
Lemma 3.2 Let Γ be X-arc-transitive with X being of trivial radical. Then either G X or X has a non-abelian simple normal subgroup T such that G ≤ T and (G, T ) = (A 6 , A 7 ) or (A n−1 , A n ) with n ≥ 14 and n 2 2 · 3 2 · 7.
Proof: Let N be a minimal normal subgroup of X. Since X has trivial radical, N = T s for a positive integer s and a non-abelian simple group T . Then NG ≤ X, and by Lemma 3.1, Table 1 (note that M is not solvable): Since 7 |T |, we have (
Since M has no subgroup of index less than 6 and |M| = 2 4 · 3 2 · 5, we have |M : G| = 9, which is impossible because S 6 has no subgroup of index 9. Thus, (T, M) = (A 8 , S 6 ), and similarly, since T has a non-abelian simple subgroup G with |T : G| 2 2 ·3 2 ·7, we have (T, M) = (A 9 , S 7 ), (A 9 , (A 4 ×A 5 )⋊Z 2 ), (A 9 , (A 6 × Z 3 ) ⋊ Z 2 ), (PSp(6, 2), (PSU(4, 2) ⋊ Z 2 )), (PSp(6, 2), S 8 ), (PSp(6, 2), Z 2) ). Then G is a non-abelain simple subgroup of M with index dividing 7 or 2, respectively. It follows M = G and so (T, G) = (PSU(3, 3), PSL(2, 7)), (PSU(4, 3), PSU(4, 2)). Let (T, M) = (A n , A n−1 ) with n 2 2 · 3 2 · 7 and n ≥ 7. If G = M, then (T, G) = (A n , A n−1 ). If G < M, then |M : G| ≥ n − 1 and so |T : G| ≥ n(n − 1). It follows n < 16 as 17 · 16 > 252. Since n 2 2 · 3 2 · 7, we have n = 7, 9, 12 or 14, and by Atlas [3] , the only possible pair is (T, M, G) = (A 7 , A 6 , A 5 ) and thus (T, G) = (A 7 , A 5 ).
Now we obtain (T, G) = (PSU(3, 3) , PSL(2, 7)), (PSU(4, 3), PSU(4, 2)), (A 7 , A 5 ) or (A n , A n−1 ) with n ≥ 7 and n 2 2 · 3 2 · 7. To finish the proof, we only need to show (T, G) = (PSU(3, 3), PSL(2, 7) ), (PSU(4, 3) , PSU(4, 2)), (A 7 , A 5 ), (A 9 , A 8 ) or (A 12 , A 11 ) .
Suppose (T, G) = (PSU(3, 3), PSL (2, 7)). Then
However, by Atlas [3, pp. 14], PSU (3, 3) has no subgroup with index 24, a contradiction.
However, by MAGMA, PSU(4, 3) has no such subgroups, a contradiction.
By Proposition 2.1, T v contains a subgroup isomorphic to F 42 , but this is impossible because A 7 has no such a subgroup by Atlas [3, pp. 10] .
However, by MAGMA, A 9 has no such subgroups, a contradiction.
. By MAGMA, T has no subgroup isomorphic to F 21 × Z 6 and has one conjugacy class of subgroups isomorphic to F 42 × Z 2 . Take a given T v in the class. By Proposition 2.5, there is a 2-element g in T such that g 2 ∈ T v , T v , g = T and 7 = |T v : T v ∩ T g v |, but computation shows that there is no such g in T , a contradiction. Lemma 3.3 Let A have a non-trivial radical R with at least three orbits. Assume G A and RG = R × G. Then A contains a non-abelian simple normal subgroup T such that G ≤ T and (G, T ) = (A 6 , A 7 ) or (A n−1 , A n ) with n ≥ 14 and n 2 2 · 3 2 · 7.
Proof: Set B = RG = R × G. Since R = 1 has at least three orbits, by Proposition 2.4, the quotient graph Γ R is a connected heptavalent A/R-arc-transitive graph with A/R ≤ Aut(Γ R ). Furthermore, Γ R is B/R-vertex-transitive and G is characteristic in B. It follows that B A because G A, and hence G ∼ = B/R A/R. Since R is the largest solvable normal subgroup of A, A/R has trivial radical. Let α be the orbit of R containing v. Then A α = RA v and (A/R) α = A v R/R. It follow that (A/R) α is solvable as A v is solvable. By Lemma 3.2, A/R has a non-abelian simple normal subgroup I/R such that B/R ≤ I/R ∼ = T and (B/R, I/R) ∼ = (G, T ) = (A 6 , A 7 ) or (A n−1 , A n ) with n ≥ 14 and
Recall that T = A 7 or A n with n ≥ 14 and n 2 2 · 3 2 · 7. By [10, Theorem 5. 
is a subgroup of index n of C ′ isomorphic to A n−1 × Z 2 , which is impossible by Proposition 2.3.
Suppose Z(C ′ ) = Z 3 or Z 6 . Then (G, T ) = (A 6 , A 7 ) and G × Z(C ′ ) is a subgroup of index 7 of C ′ isomorphic to A 6 × Z 3 or A 6 × Z 6 , which are impossible by Proposition 2.3. Thus, Z(C ′ ) = 1. Furthermore, C ′ ∼ = T and G < C ′ I. Since |I| = |I/R||R| = |T ||R| = |C ′ ||R| and C ′ ∩R = 1, we have I = C ′ ×R. This implies that C ′ is characteristic in I, and so C ′ A because I A. It follows that A has a non-abelian simple normal subgroup
or (A n−1 , A n ) with n ≥ 14 and n 2 2 · 3 2 · 7. This completes the proof. Now, we are ready to prove Theorem 1.1.
The proof of Theorem 1.1: Let G be a non-abelian simple group and let Γ be a connected heptavalent symmetric G-vertex-transitive graph. Write A = Aut(Γ) and let R be the radical of A. To prove the theorem, we may assume G A. If R = 1, the theorem is true by Lemma 3.2. Now we assume R = 1. Set B = RG. Then G ∩ R = 1 and |B| = |R||G|. By Lemma 3.
, which is impossible by Proposition 2.2. If R has two orbits, then Γ is bipartite and so G has a subgroup of index 2, which is impossible. Thus, R has at least three orbits.
To finish the proof, by Lemma 3.3, it suffices to show B = R × G. By Proposition 2.4, R is semiregular on V (Γ) and the quotient graph Γ R is a connected heptavalent A/R-symmetric graph with A/R ≤ Aut(Γ R ). Moreover, Γ R is B/R-vertextransitive. Since R is the largest solvable normal subgroup of A, A/R has trivial radical. Since A v is solvable, (A/R) α is solvable with α ∈ V (Γ R ). By Lemma 3.2, B/R A/R or A/R has a non-abelian simple normal subgroup I/R such that B/R ≤ I/R and (B/R, I/R) ∼ = (G, T ) with (G, T ) = (A 6 , A 7 ) or (A n−1 , A n ) with n ≥ 14 and n 2 2 · 3 2 · 7. Since |R| 2 2 · 3 2 · 7, we may write |R| = 2 m · 3 n · 7 k , where 0 ≤ m ≤ 2, 0 ≤ n ≤ 2 and 0 ≤ k ≤ 1. Since R is solvable, there exists a series of subgroups of B:
such that R i B and R i+1 /R i is an elementary abelian r-group with 0 ≤ i ≤ s − 1, where r = 2, 3 or 7. Clearly, G ≤ B has a natural action on R i+1 /R i by conjugation.
Suppose B = R × G. Then there exists some 0 ≤ j ≤ s − 1 such that
In particular, GR j GR j+1 and so G GR j+1 because GR j = G × R j implies that G is characteristic in GR j . It follows that GR j+1 = G × R j+1 , a contradiction. Thus, G acts non-trivially on R j+1 /R j , and the simplicity of G implies that G acts faithfully on R j+1 /R j .
Set |R j+1 /R j | = r ℓ . Since |R| = 2 m · 3 n · 7 k , we have ℓ ≤ m ≤ 2 for r = 2 or 3 and ℓ ≤ 1 for r = 7. Recall that G acts faithfully on R j+1 /R j and R j+1 /R j is elementary abelian. Then G ≤ GL(ℓ, r). For each case, GL(ℓ, r) is solvable and so G is solvable, a contradiction.
The above contradiction implies B = R × G, as required.
The proof of Corollary 1.2: Let G be a non-abelian simple group and let Γ be a connected heptavalent G-arc-transitive graph with Aut(Γ) v being of solvable. Assume G Aut(Γ). By Theorem 1.1, Aut(Γ) has a non-abelian simple normal subgroup T such that G ≤ T and (G, T ) = (A 6 , A 7 ) or (A n−1 , A n ) with n ≥ 14 and n 2 2 · 3 2 · 7. Since G is symmetric, both |G v | and |T v | are divisible by 7, and so |T |/|G| = |T v |/|G v | is a divisor of 2 2 · 3 2 by Proposition 2.1. Thus, (G, T ) = (A n−1 , A n ) with n = 6, 9, 12, 18 or 36, and by Theorem 1.1, (G, T ) = (A n−1 , A n ) with n = 18 or 36.
The proof of Corollary 1.3: Let G be a non-abelian simple group and let Γ be a connected heptavalent G-regular graph with Aut(Γ) v being of solvable. Assume G Aut(Γ). By Theorem 1.1, Aut(Γ) has a non-abelian simple normal subgroup T such that G ≤ T and (G, T ) is as given in Theorem 1.1. Since G is regular and G ≤ T A, we have |T v | = |T |/|G|, and by Proposition 2.1, (G, T ) = (A n−1 , A n ) with n = 7, 2 · 7, 3 · 7, 2 2 · 7, 3 2 · 7, 2 · 3 · 7, 2 2 · 3 · 7, 2 · 3 2 · 7 or 2 2 · 3 2 · 7. To finish the proof, it suffices to show that n = 2 · 7, 2 · 3 · 7. Now suppose to the contrary that n = 2 · 7 or 2 · 3 · 7.
By Proposition 2.5, Γ = Cos(T, H, HgH) with H = T v for some 2-element g. Since G is regular, we have T = GH with G ∩ H = 1. Then H acts regularly on Ω = [T : G] = {Gt|t ∈ T } by right multiplication. Note that |H| = |Ω| = n. Write Ω = {δ 1 , δ 2 , · · · , δ n } with δ 1 = G and set L = H ∩ H g . Since H is transitive on the neighbours of v in Γ, we have |H : L| = 7, and the regularity of H on Ω implies that L has exactly seven orbits on Ω, say Ω i = {δ ij | j = 1, 2, · · · , n/7}, 1 ≤ i ≤ 7.
By Proposition 2.1, H = D 7 or F 42 for n = 2 · 7 or 2 · 3 · 7, respectively, and so L = Z 2 or Z 6 . Write L = x . For n = 2 · 7, we have Ω i = {δ i1 , δ i2 }, 1 ≤ i ≤ 7, and hence x = (δ 11 , δ 12 ) · · · (δ 71 , δ 72 ), an odd permutation on Ω. This is impossible because T is the alternating group A 14 on Ω = ∪ 7 i=1 Ω i . For n = 2 · 3 · 7, we have Ω i = {δ i1 , · · · , δ i6 }, 1 ≤ i ≤ 7, and hence we may assume x = (δ 11 , · · · , δ 16 ) · · · (δ 71 , · · · , δ 76 ). Again x is an odd permutation, and this is impossible because T is the alternating group A 42 on Ω.
